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In this article, some generalizations of the concept of a p-space are introduced and
studied. The notion of a source of a space in a larger space and the concepts of partial
plumage, s-embedding, p-embedding, p∗-embedding, s-space, and p∗-space are deﬁned
and studied in depth (see Theorems 2.6, 2.7, 3.2, 4.3, 4.4, 4.10 and their corollaries).
An example of a hereditarily p∗-space which is not a p-space and is a perfect image of
a hereditarily p-space is indicated (Example 2.9). Among the main results, we establish that
if a paracompact space X is p-embedded in a pseudocompact space as a dense subspace,
then X is a p-space (Corollary 4.8), and that if X has a countable network and is p∗-
embedded in a pseudocompact space, then X is metrizable (Corollary 4.11). The following
problem is posed: is every paracompact Gδ-subspace of a pseudocompact space Cˇech-
complete?
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In this article, a “space” is a regular topological T1-space. We use the terminology from [19]. Let ω = {0,1,2, . . .}.
The closure of a set A in a space X will be denoted by clX A or cl A.
Every subset of a space X can be obtained from open subsets of X by the operations of intersection and union. We
study, in particular, subspaces that can be obtained from certain ﬁxed collections of open sets by arbitrary intersections and
unions.
Firstly, let us consider a rather elementary situation. Fix a space Z and an arbitrary family S of open subsets of Z , and let
Sδ be the family of all sets that can be represented as the intersection of some subfamily of S. We will say that the family
S is a source of a subspace X in Z if X is the union of some subfamily of Sδ .
Clearly, every subspace X of Z has a source in Z . The smallest inﬁnite cardinal number τ such that X has a source S in
Z for which |S| τ will be called the source number of X in Z and will be denoted by so(X, Z). Let us emphasize that all
elements of any source S of a subspace X in a space Z are assumed to be open subsets of Z , according to the deﬁnition
given above.
Of course, especially important is the case when the location invariant so(X, Z) is countable. In this case we will say
that X is s-embedded in Z .
The class of all s-embedded subspaces of a space Z is very large. Obviously, it contains all open subspaces of Z and is
closed under taking the union or the intersection of any countable subfamily. Therefore, it includes all Borel subsets of Z
deﬁned in a standard way, starting with open subsets.
The family G(X) of open-generated Borel subsets of a space X can be represented as the union
⋃{Gα(X): α < ω1}, where
ω1 is the ﬁrst uncountable ordinal number, G0(X) is the family of all open subsets and the family Gβ(X) consists of all
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⋃{Gα(X): α < β} for an odd (even) ordinal β . If the space X is perfect, then
G(X) is the σ -algebra of all Borel subsets of X (see [22,19,17]).
The classes of Baire sets are deﬁned in the similar way, starting with functionally open sets.
We call a Tychonoff space X an s-space if it has a countable source in some compactiﬁcation of X . Obviously, every
Lindelöf p-space is an s-space. However, an s-space needn’t be a p-space. Moreover, the square of a paracompact s-space
needn’t be paracompact.
Below we study the concepts introduced above in depth. In particular, among the main results, we establish that if a
paracompact space X is p-embedded in a pseudocompact space as a dense subspace, then X is a p-space (Corollary 4.8),
and that if X has a countable network and is p∗-embedded in a pseudocompact space, then X is metrizable (Corollary 4.11).
2. Some basic facts
Example 2.1. We remind here the deﬁnitions of two classical examples of topological spaces and discuss their properties in
the light of the concepts introduced above. Consider in the plane E2 two concentric circles Ci = {(x, y) ∈ E2: x2 + y2 = i},
i ∈ {1,2}, and their union Z = C1 ∪ C2. Denote by π the projection mapping of C1 onto C2 from the centre (0,0). Let
B(z) = {{z}} for any z ∈ C2. For z ∈ C1 let B(z) = {Un(z): n ∈ ω}, where Un(z) = Vn(z) ∪ π(Vn(z) \ {z}) and Vn(z) is the arc
of C1 with the centre at z and of length 2−n . On Z we generate a topology by the open base
⋃{B(z): z ∈ Z}. The space Z
is called the Alexandroff double of the circle. The space Z is compact and hereditarily paracompact (see [19, Example 3.1.26]).
Let Q = {(x, y) ∈ C1: x is a rational number} and M = Q ∪ C2. The subspace M is homeomorphic to the Michael line (see
[19, Example 5.1.32]). The set Q is closed and not Gδ in M . The space M has a σ -disjoint open base and is not a p-space.
The family {C2} ∪ (⋃{B(z): z ∈ Q }) is a countable source of M in Z . Thus, M is an s-embedded subspace and a Gδσ -subset
of the compact hereditarily strongly paracompact space Z .
Theorem 2.2. Suppose that X is an s-embedded subspace of a space Z . Suppose further that X admits a one-to-one continuous
mapping onto a separable metrizable space. Then every subspace of X is s-embedded in Z .
This theorem easily follows from the next obvious statement:
Proposition 2.3. The relation of s-embedding is transitive, that is, if Y is an s-embedded subspace of X , and X is an s-embedded
subspace of Z , then Y is an s-embedded subspace of Z .
A space X is called cleavable over a class of spaces K, if for each subset A of X there exist a space Y ∈ K and a
continuous mapping f : X → Y such that f −1( f (A)) = A. If K = {Y }, then we say that the space X is cleavable over
the space Y . A cleavable space is a Tychonoff space which is cleavable over the class of all separable metrizable spaces
[5,11].
In fact, Theorem 2.2 and its proof can be generalized as follows:
Theorem 2.4. Suppose that X is an s-embedded subspace of a space Z . Suppose further that X is cleavable over a separable metrizable
space. Then every subspace of X is s-embedded in Z .
Proof. Let A be a subset of the space X and f : X → Y be a continuous mapping such that f −1( f (A)) = A. Assume that
f (A) is s-embedded in Y . Fix a source S1 of the space X in the space Z and a source S2 of the subspace f (A) in the
space Y . For each H ∈ S2 ﬁx an open subset e(H) of Z such that e(H) ∩ X = f −1(H). Now we put S3 = {e(H): H ∈ S2},
S4 = { f −1(H): H ∈ S2} and S = S1 ∪ S3. Obviously S is a source of A in Z and S4 is a source of A in X .
Since any separable subspace A of a metric space Y is s-embedded in Y , the proof is complete. 
Now let us consider a more general situation.
If γ is a family of subsets of a space X , and L ⊆ X , then St(L, γ ) =⋃{H ∈ γ : L ∩ H = ∅} is the star of L with respect
to γ . We put St(x, γ ) = St({x}, γ ).
Let X ⊆ Z , where Z is an arbitrary space. A countable family F of families of open subsets of Z is said to be a partial
plumage of X in Z if for every pair of points x ∈ X and z ∈ Z \ X there exists γ ∈ F such that St(x, γ ) ∩ {x, z} = {x}. We call
the family F a plumage of X in Z , if, in addition, X ⊂ ∪γ , for each γ ∈ F.
A space with a plumage in some compact space is called a p-space or a feathered space (this concept was introduced
in [2], see also [9] where a plumage is called a feathering).
If a subspace X of a space Z has a partial plumage in Z , we will say that X is p∗-embedded in Z . If a Tychonoff space X
is p∗-embedded in some compactiﬁcation of X , then we say that X is a p∗-space.
Obviously, if X is s-embedded in a space Z , then the subspace X is p∗-embedded in Z too.
The relation of p∗-embedding is also transitive:
Proposition 2.5. If Y is p∗-embedded in X, and X is p∗-embedded in Z , then Y is p∗-embedded in Z .
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Theorem 2.6. If X is p∗-embedded in Z , and X has a Gδ-diagonal, then every subspace Y of X is p∗-embedded in Z .
Sometimes the next version of this theorem may be useful:
Theorem 2.7. If X is p∗-embedded in Z , and X is cleavable over the spaces with a Gδ-diagonal, then every subspace Y of X is p∗-
embedded in Z .
Suppose that F is a countable non-empty family of non-empty families of non-empty open subsets of a space Z . The fam-
ily F can be interpreted as a partial plumage of some non-empty subspaces of Z . One of them is
⋃{⋃γ : γ ∈ F}. If
X =⋂{⋃γ : γ ∈ F} is non-empty, then F is a plumage of X in Z .
We also need the following fact:
Proposition 2.8. Let X = Y ∪ Z , where Z be a discrete closed subspace of X and χ(z, X)  ℵ0 for any z ∈ Z . If Y is a hereditarily
p∗-space, then X is a hereditarily p∗-space too.
Proof. Fix a subspace X1 of X . We put Y1 = Y ∩ X1, Z1 = Z ∩ X1 and Z2 = Z1 \clX Y1. Then Z2 is an open and closed discrete
subspace of X1. Fix a compactiﬁcation B of X1 such that clB Z2 is open and closed in B . Now for any point z ∈ Z1 ﬁx a
countable base {Unz: n ∈ ω} for the space B at z such that Z1 ∩ Unz = {z} for each n ∈ ω. Then {γn = {Unz: z ∈ Z1}: n ∈ ω}
is a plumage of Z1 in B . Since clB Y1 is open and closed in B , and Y1 is p∗-embedded in clB Y1, it follows that Y1 is
p∗-embedded in B . Thus, X1 is p∗-embedded in B . 
From Proposition 2.8 it follows that the Michael line M (see Example 2.1) is hereditarily paracompact hereditarily p∗-
space which is not a p-space.
A base B for a space X is said to be a sharp base [1] if, whenever x ∈ X , {Un: n ∈ ω} is a sequence of distinct elements
of B and x ∈⋂{Un: n ∈ ω}, then {⋂{Ui: i  n}: n ∈ ω} is a base for X at the point x.
Each Tychonoff space with a sharp base is a hereditarily p-space [1].
Using Example 2.1 from [13] and Proposition 2.8, we come to the following example.
Example 2.9. There exists a perfect mapping f : Z → Y of a Tychonoff hereditarily p-space Z with a sharp base onto a
Tychonoff hereditarily p∗-space Y with a base of countable order [3] such that Y is not a p-space and does not have a
sharp base.
Indeed, in [1] an example of a Tychonoff space X with a sharp base and with a closed discrete subspace E which is not
a Gδ-set in X was constructed. Obviously, we can assume that E contains no isolated points of X . Let S = {0}∪ {2−n: n ∈ ω}
and A = {2−n: n ∈ ω} be the subspaces of the space of reals. As in [13], we put D = X \ E , and take the subspace Z =
(D × A) ∪ (E × S) of X × S . Now we deﬁne a quotient space Y of Z by collapsing each set {x} × S , x ∈ E , to a point.
Obviously, since X has a sharp base, the spaces Z and X × S are with sharp bases too. Since the subspace E is discrete
and closed, the resulting mapping f : Z → Y is perfect. In [13] it was proved that Y is not a p-space and does not have a
sharp base.
Clearly, H = f (E × S) is a closed discrete subspace of Y . Since Y is ﬁrst countable, and Y \ H has a sharp base, and since
H is discrete in Y , it follows that the space Y has a base of countable order. Proposition 2.8 implies that Y is a hereditarily
p∗-space.
Remark 2.10. Fix a space Z and an arbitrary family S of open subsets of Z , and let Scδ be the family of all sets that can be
represented as the intersection of some subfamily of S ∪ Sc , where Sc = {Z \ U : U ∈ S}. We will say that the family S is a
generalized source of a subspace X in Z if X is the union of some subfamily of Scδ (see [20,21]). Spaces with a countable
generalized source and their generalizations have been lately used in the study of Banach spaces (see [21,20]) and in the
theory of topological games (see [8]).
Remark 2.11. We say that S is a Baire source (or a Baire generalized source) of a space X in Z if each U ∈ S is a cozero
subset of Z . If X has a countable Baire generalized source in Z , then X and Z \ X are both s-embedded and p-embedded
in Z , and there exists a continuous mapping f : Z → Y onto a separable metric space Y such that X = f −1( f (X)). Moreover,
X is a Lindelöf p-space if and only if it has a countable Baire generalized source in some compact space. From these facts it
follows immediately that any remainder of a Lindelöf p-space in a Hausdorff compactiﬁcation is a Lindelöf p-space. Spaces
with a countable Baire sources in pseudocompact and compact spaces were studied in [16,17] in the context of operations
over cozero subsets.
Remark 2.12. Let Yn be a non-empty subspace of a space Xn , Y = Π{Yn: n ∈ ω} and X = Π{Xn: n ∈ ω}. Then:
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2. If for each n ∈ ω the subspace Yn is p-embedded in Xn , then the subspace Y is p-embedded in X .
3. so(Y , X) = sup{so(Yn, Xn): n ∈ ω}.
3. On perfect subspaces
A space Z is perfect if every closed subset of Z is a Gδ-subset.
Proposition 3.1. If a perfect subspace X of a space Z is p∗-embedded in Z , then X is p-embedded in Z .
Proof. Let {γn: n ∈ ω} be a partial plumage of X in Z . Since X is perfect, for each n ∈ ω there exists a sequence
{Fnm ∈ γn: n,m ∈ ω} of closed subsets of X such that X ∩ (⋃γn) = ⋃{Fnm: m ∈ ω}. We put Unm = Z \ clZ Fnm and
γnm = γn ∪ {Unm}. For any pair of points x ∈ X , z ∈ Z \ X there exists n ∈ ω such that St(x, γn) ∩ {x, z} = {x}. Then for
some m ∈ ω we have x ∈ Fnm . Thus St(x, γnm) = St(x, γn) and the sequence {γnm: n,m ∈ ω} forms a plumage of X in Z . 
Example 2.1 shows that Proposition 3.1 does not extend to the case when the space Z is compact and hereditarily
strongly paracompact but X is no longer assumed to be perfect.
Theorem 3.2. For any hereditarily Lindelöf subspace X of an arbitrary space Z the following conditions are equivalent:
1. X is p-embedded in Z .
2. X is p∗-embedded in Z .
3. X is s-embedded in Z .
Proof. The implication 1 → 2 is obvious. Let {γn: n ∈ ω} be a partial plumage of X in Z . Since X is hereditarily Lindelöf,
for each n ∈ ω there exists a sequence {Unm ∈ γn: n,m ∈ ω} such that X ∩ (⋃γn) =⋃{X ∩ Unm: m ∈ ω}. The sequence
{Unm: n,m ∈ ω} forms a countable source of X in Z . The implication 2 → 3 is proved. The implication 3 → 1 follows from
Proposition 3.1 and that an s-embedded subspace is p∗-embedded. 
Corollary 3.3. If a perfect space X is an s-space, then X is a p-space.
Corollary 3.4. If a perfect space X is s-embedded in some p∗-space, then X is a p-space.
Corollary 3.5. If a perfect space X is an open-generated Borel subset of some p∗-space, then X is a p-space.
Corollary 3.6. . Let X be an s-space (or a p∗-space). If X has a countable network, then X is a separable metrizable space.
For open-generated Borel subsets of compacta this was established in 1961 in [4].
The condition of perfectness is essential in the above sentences. For this in the next example we modiﬁed the construc-
tion of the Michael line.
Example 3.7. For any countable ordinal number α  2 there exists a Tychonoff hereditarily p∗-space Xα with the following
properties:
– Xα is a hereditarily paracompact space;
– the family G(Xα) is the σ -algebra of Borel sets;
– Xα = Yα ∪ Dα , where Yα is homeomorphic to a Borel subset of the class Gα(R) of the real line R and Dα is an open
discrete subspace;
– Yα ∈ Gα(Xα) \⋃{Gβ(Xα): β < α};
– Yα is a Baire set of the class α of the space Xα ;
– βXα \ XY is not s-embedded in βXα .
Indeed, let Y be a subset without isolated points of the real line R and D = R \ Y .
By T we denote the topology of the real line R. We put TY = {U ∪ H: H ⊆ D}. By XY we denote the set R with the
topology TY .
The space XY is a Tychonoff hereditarily p∗-space and a hereditarily paracompact space. If Y is not a Gδ-subset of R,
then XY is not a perfectly normal space. The space XY is s-embedded in the Stone–Cˇech compactiﬁcation βXY of the
space XY .
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compact subset F of X is contained in a some compact subset Φ ⊆ of countable character in Z . Moreover, if Z is compact,
then Z \ X is a Lindelöf space.
Thus, if Y is not a Gδ-subset of R, then Z \ XY is not s-embedded in βXY . One may to prove that Z \ XY is p∗-embedded
in their compactiﬁcation βXY \ D .
By construction, Y ∈ Gβ(XY ) if and only if Y ∈ Gβ(R). Fix Yα ∈ Gα(R) \⋃{Gβ(R): β < α}. Then Xα = XYα , Yα and
Dα = R \ Yα are the desired spaces and subspaces.
If X is the discrete sum of the spaces {Xα: α < ω1}, then Yα ∈ Gα(X) \⋃{Gβ(X): β < α} for any α < ω1. Moreover,
Y =⋃{Yα: α < ω1} is a closed not open-generated Borel subset of the space X . The space X is a hereditarily p∗-space,
a hereditarily paracompact and a sum of two metrizable spaces one of which is open and discrete.
Let Z be a compactiﬁcation of a complete metrizable non-separable space X without points of locally compactness.
Then Z is a compactiﬁcation of the space Y = Z \ X too. The space Y is of countable type if and only if the space X is
Lindelöf [18]. Thus Y is not a space of countable type. Since a space is of countable type provided it is s-embedded in some
compact space, the space Y is not s-embedded in Z and X = Z \ Y is perfectly normal s-embedded in Z space.
Now we give a suﬃcient condition under which the class of s-embedded sets is closed under complements.
Proposition 3.8. For any subspace X of a perfect space Z the following conditions are equivalent:
1. X is p-embedded in Z .
2. Y = Z \ X is p-embedded in Z .
3. There exists a sequence {ηn: n ∈ ω} of open covers of the space Z such that x ∈⋂{St(x, ηn): n ∈ ω} ⊆ X and y ∈⋂{St(y, ηn):
n ∈ ω} ⊆ Y for every pair of points x ∈ X and y ∈ Y .
4. There exists a sequence {γn: n ∈ ω} of families of open subsets of Z such that for every pair of points x ∈ X and y ∈ Y there exists
n ∈ ω such that at least one of the stars St(x, γn), St(y, γn) is not empty and contains only one of the two points.
Proof. The implications 1 → 4, 2 → 4, 3 → 1 and 3 → 2 are obvious.
Let {γn: n ∈ ω} be as in assertion 4 and Un =⋃γn . Then Un =⋃{Fnm: m ∈ ω}, where the sets Fnm are closed in Z . We
put ηnm = {Z \ Fnm} ∪ γn . The sequence {ηnm: n,m ∈ ω} of open covers of the space Z is as in the condition 3. 
4. On Gδ-subspaces and p-embedded subspaces of pseudocompact spaces
For a sequence η of subsets of a space X we let Lim(η) to be the set of all accumulation points of this sequence in X .
A sequence {Un: n ∈ ω} of open subsets of a space X is called stable if it satisﬁes the following conditions:
(S1) ∅ = Un+1 ⊆ Un for any n ∈ ω;
(S2) Every sequence {Vn: n ∈ ω} of open non-empty sets in X such that Vn ⊆ Un for each n ∈ ω, has an accumulation point
in X .
Let {γn = {Uα: α ∈ An}: n ∈ ω} be a sequence of open families of a space Z , and {πn : An+1 → An: n ∈ ω} be a sequence
of mappings. A sequence α = {αn: n ∈ ω} is said to be a c-sequence if αn ∈ An and πn(αn+1) = αn for every n. A sequence
α = {αn: n ∈ ω} is called a marked sequence if ⋂{Uαn ; n ∈ ω} = ∅.
Consider the following conditions:
(C1) Z =⋃{Uα: α ∈ A0}.
(C2) Uα =⋃{Uβ : β ∈ π−1n (α)} =
⋃{clZ Uβ : β ∈ π−1n (α)} for all α ∈ An and n ∈ ω.
(C3) For any marked c-sequence α = {αn ∈ An: n ∈ ω}, the sequence {Uαn ; n ∈ ω} is stable.
(C4) For any marked c-sequence α = {αn ∈ An: n ∈ ω}, any sequence {zn ∈ Uαn ; n ∈ ω} has an accumulation point in Z .
Obviously, (C4) → (C3).
If the sequences {γn: n ∈ ω} and {πn : An+1 → An: n ∈ ω} have the Properties (C1) and (C2), then they form an A-sieve
on Z .
A space Z is called an A(π)-space if there exists an A-sieve on Z with the Property (C3) (see [6,7]). A space Z is called
an A(q)-space if there exists an A-sieve on Z with the Property (C4) (see [14,15,23,25]).
Each countably compact space is an A(q)-space. Any p-space is an A(q)-space, and any A(q)-space is an A(π)-space.
A space X is feebly compact if every locally ﬁnite family of open subsets in X is ﬁnite (see [10,9]). A completely regular
space is feebly compact if and only if it is pseudocompact.
Each feebly compact space is an A(π)-space.
A subset L of a space X is bounded if for every locally ﬁnite family λ of open subsets in X the set {U ∈ λ: U ∩ L = ∅} is
ﬁnite.
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μ-complete, and any paracompact space is Dieudonné complete [19].
Lemma 4.1. Let {Un: n ∈ ω} be a stable sequence of open subsets of a space Z , X be a dense subspace of Z , and F =⋂{Un: n ∈ ω} =⋂{clZ Un: n ∈ ω} ⊆ X. Then F is a bounded subset of X . Moreover, {X ∩Un: n ∈ ω} is a stable sequence of open subsets of the space X.
Proof. Let λ = {Vn: n ∈ ω} be a sequence of open non-empty sets in Z such that Vn ⊆ Un for each n ∈ ω. We claim
that the sequence μ = {Wn = X ∩ Vn: n ∈ ω} has an accumulation point in X . Let z ∈ Z be an accumulation point of the
sequence λ. If z /∈ F , then z /∈ clZ Un for some n ∈ ω. In this case V = Z \ clZ Un is a neighborhood of z in Z and the set
{n ∈ ω: Vn ∩ V = ∅} is ﬁnite, a contradiction. Thus, z ∈ F ⊆ X . Since X is dense in Z , Lim{Vn: n ∈ ω} = Lim{Wn: n ∈ ω}.
Therefore, {X ∩ Un: n ∈ ω} is a stable sequence of open subsets of X .
Suppose now that μ = {Wn = X ∩ Vn: n ∈ ω} is a locally ﬁnite family of subsets of X . If z /∈ F , then there exists a
neighborhood V (z) of z in Z such that the set {n ∈ ω: Vn ∩ V (z) = ∅} is ﬁnite. Let z ∈ F . There exists a neighborhood
V (z) of z in Z such that the set {n ∈ ω: Vn ∩ V (z) ∩ X = ∅} is ﬁnite. Since X is dense in Z and {n ∈ ω: Vn ∩ V (z) = ∅} =
{n ∈ ω: Vn ∩ V (z)∩ X = ∅}, the family λ is locally ﬁnite in Z and Lim{Vn: n ∈ ω} = ∅, a contradiction. Thus, F is a bounded
subset of Z and X . 
Lemma 4.2. Let X be a subspace of a space Z such that for any open subset U of Z there exists a sequence {n(U ): n ∈ ω} of open
subsets of Z satisfying the following condition: U ∩ X ⊆⋃{n(U ): n ∈ ω} ⊆⋃{clZ n(U ): n ∈ ω} ⊆ U . Then whenever {Un: n ∈ ω}
is a stable sequence of open subsets of Z and F =⋂{Un: n ∈ ω} =⋂{clZ Un: n ∈ ω} ⊆ X, it follows that F is a countably compact
subset of X .
Proof. Assume that L = {xn: n ∈ ω} is an inﬁnite discrete subset of F without accumulation points. Then L is closed in Z ,
and there exists a sequence {Vn = n(Z \ L): n ∈ ω} of open subsets of Z such that:
– L ∩ clZ Vn = ∅ for each n ∈ ω;
– F \ L ⊆⋃{Vn: n ∈ ω}.
Since L is discrete and closed in Z , it follows that there exists a sequence {Wn: n ∈ ω} of open subsets of Z such that:
– xn ∈ Wn for each n ∈ ω;
– clZ Wn ∩ clZ Wm = ∅ for all n =m.
We put Hn = Un \ clZ (⋃{Vi ∪ Wi: i  n}). Clearly, Hn = ∅ for each n ∈ ω. Since Lim{Hn: n ∈ ω} ⊆ F and F ⊆⋃{Vn ∪ Wn: n ∈ ω}, we have Lim{Hn: n ∈ ω} = ∅, a contradiction. 
For any T1-space X , we can consider the Wallman compactiﬁcation ωX = X ∪ F0(X) of X , where F0(X) is the family of
all free ultraﬁlters in the family of closed subsets of X (see [19]).
For a Tychonoff space X , the next result is similar to a theorem of A. Arhangel’skii, Z. Frolik, and N. Shanin [19, Theo-
rem 3.9.2]:
Proposition 4.3. Let {γn = {Uα: α ∈ An}: n ∈ ω} be a sequence of open covers of a T1-space X such that, for any sequence α =
{αn ∈ An: n ∈ ω}, which has non-empty intersection⋂{Uαi : i  n} for each n ∈ ω, the set F (α) =
⋂{clX Uαn : n ∈ ω} is a non-empty
compact set and, for any open set V ⊇ F (α), there exists n ∈ ω such that F (α) ⊆⋂{clX Uαi : i  n} ⊆ V . Then X is a Gδ-subspace of
the Wallman compactiﬁcation ωX. In particular, the space X is Cˇech-complete if it is Tychonoff.
Proof. For any open subset V of X ﬁx an open subset e(V ) of ωX such that V = X ∩ e(V ).
Let Wn = ⋃{e(Uα): α ∈ An}. We aﬃrm that X = ⋂{Wn: n ∈ ω}. Suppose that z ∈ ⋂{Wn \ X: n ∈ ω}. Then there
exists a sequence α = {αn ∈ An: n ∈ ω} such that z ∈ e(Uαn ) for any n ∈ ω. Then
⋂{Uαi : i  n} = ∅ for each n ∈ ω
and F (α) =⋂{clX Uαn : n ∈ ω} is a non-empty compact set of X . The point z is a free ultraﬁlter of closed subsets of X and
F (α)∩Φ = ∅ for some closed subset Φ ∈ z. Let Fn(α) =⋂{clX Uαi : i  n}. Then there exists n ∈ ω such that Fn(α)∩Φ = ∅.
Since clωX Fn(α) ∩ clωX Φ = ∅, we have z /∈⋂{Uαi : i  n}, a contradiction. 
Theorem 4.4. If a μ-complete space X is a dense Gδ-subspace of a feebly compact space Z , then X is a Gδ-subspace of the Wallman
compactiﬁcation ωX. In particular, X is Cˇech-complete if it is Tychonoff.
Proof. Assume that X = ⋂{Wn: n ∈ ω}, where {Wn: n ∈ ω} are open subsets of Z . There exist two sequences {ηn =
{Vα: α ∈ An}: n ∈ ω} and {λn = {Wα: α ∈ An}: n ∈ ω} of open families of Z such that X ⊆⋃{Vα: α ∈ An} and clZ α ⊆
clZ Wα ⊆ Wn for all n ∈ ω and α ∈ An . We put {γn = {Uα = X ∩ Vα: α ∈ An}: n ∈ ω}.
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⋂{clX Vαi : i  n}, Vn =
⋂{Vαi : i  n}
and Hn =⋂{Wαi : i  n}. Clearly, clZ Vn ⊆ Hn and {Hn: n ∈ ω} is a stable sequence of open subsets of Z and ∅ =
Lim{Vn: n ∈ ω} ⊆⋂{Fn: n ∈ ω} ⊆ Lim{Hn: n ∈ ω}. By virtue of Lemma 4.1, the set F =⋂{Fn: n ∈ ω} is a closed non-
empty bounded subset of X . Thus, F is compact. Let V be open in Z and F ⊆ V . There exists an open subset U of Z
such that F ⊆ U ⊆ clZ U ⊆ V . Since the sequence {Hn \ clZ U : n ∈ ω} is locally ﬁnite in Z , there exists n ∈ ω such that
Hn \ clZ U = ∅. Hence, Fn ⊆ V . Proposition 4.3 completes the proof. 
Corollary 4.5. If a Dieudonné complete space X is a dense Gδ-subset of a feebly compact space Z , then X is Cˇech-complete.
One of the main results of this section is the next theorem.
Theorem 4.6. If a paracompact space X has a plumage in an A(π)-space Z , and X is dense in Z , then X is a p-space.
Proof. Let {γn = {Uα: α ∈ An}: n ∈ ω} and let {pn : An+1 → An: n ∈ ω} be an A-sieve on Z with the Property (C3). Fix a
plumage {ξn: n ∈ ω} of a space X in Z . There exist a sequence {ηn = {Vβ : β ∈ Bn}: n ∈ ω} of families of open subsets of Z ,
a sequence of mappings {rn : Bn → An: n ∈ ω}, and a sequence of mappings {qn : Bn+1 → Bn: n ∈ ω} such that:
– μn = {Wβ = X ∩ Vβ : β ∈ Bn} is an open locally ﬁnite cover of the space X for each n ∈ ω;
– for each n ∈ ω and any β ∈ Bn the subset Wβ is an open Fσ -set of X , and clZ Vβ ⊆ Urn(β);
– clZ St(x, ηn) ⊆ St(x, ξn) for each n ∈ ω and any x ∈ X ;
– Wβ =⋃{Wμ: μ ∈ q−1n (β)} ⊆ Vβ for each n ∈ ω and any β ∈ Bn;
– rn ◦ qn = pn ◦ rn+1 for each n ∈ ω.
Clearly, the sequence {ηn: n ∈ ω} is a plumage of X in Z , and there exists a family { fβ : X → I = [0,1]: β ∈ Bn, n ∈ ω}
of continuous functions on X such that f −1β (0) = X \ Vβ and Σ{ fα(x): α ∈ Bn} = 2−n for all x ∈ X , n ∈ ω and β ∈ Bn . On X
consider the continuous pseudometric ρ(x, y) = Σ{| fβ(x) − fβ(y)|: β ∈ Bn, n ∈ ω}. There exist a metric space (Y ,d) and a
continuous mapping g : X → Y such that ρ(x, y) = d(g(x), g(y)) for all x, y ∈ X .
Fix a point y ∈ Y and an open subset U of Z such that g−1(y) ⊆ U . Fix a point x ∈ g−1(y) and a sequence β =
{βn ∈ Bn: n ∈ ω} such that x ∈⋂{Wβn : n ∈ ω} and qn(βn+1) = βn for each n ∈ ω. Then α = {αn = rn(βn): n ∈ ω} is a marked
c-sequence, and the sequence {Uαn : n ∈ ω} is stable.
Clearly, 2−n  δn = fβn (x) > 0, for each n ∈ ω. We put Hn = {z ∈ X: ρ(x, z) < δn}. Then On(y) = {y′ ∈ Y : d(y, y′) < δn} ={g(Hn): n ∈ ω} is a base for the space Y at the point y. Therefore, g−1(y) =⋂{Hn: n ∈ ω}. Clearly, clX Hn+1 ⊆ Hn ⊆ Wβn ,
for each n ∈ ω.
By Lemma 4.1, the sequence {Hn: n ∈ ω} is stable and g−1(y) = Lim{Hn: n ∈ ω} is a bounded and hence, a compact
subset of the paracompact space X . It follows that all ﬁbers under the mapping g are compact.
There exists an open subset V of X such that g−1(y) ⊆ V ⊆ clX V ⊆ U . The sequence {Hn \ clX V : n ∈ ω} is locally
ﬁnite in X and does not have an accumulation point in X . Hence, Hm \ clX V = ∅ and Hm ⊆ U for some m ∈ ω. Since
{On(y) = g(Hn): n ∈ ω} is a base for Y at y and g−1(Om(y)) = Hm , the mapping g is closed. Therefore, g : X → Y is a
perfect mapping of X onto the metrizable space Y . 
Corollary 4.7. If a paracompact space X has a plumage in a countably compact space Z , then X is a p-space.
From Theorems 4.6 and 3.1 we obtain
Corollary 4.8. If a perfect paracompact space X has a partial plumage in a feebly compact space Z , and X is dense in Z , then X is a
p-space. Moreover, if X is a dense Gδ-subset of Z , then X is Cˇech-complete.
Corollary 4.9. If a perfect paracompact space X has a partial plumage in a countably compact space Z (that is, X is p∗-embedded
in Z ), then X is a p-space.
Theorem 4.10. Let X be a hereditarily Lindelöf subspace of an A(π)-space Z . If the space X is s-embedded in Z or, more generally,
X is p∗-embedded in Z , then there exist a metrizable separable space Y and a perfect mapping g : X → Y of X onto Y . In particular,
X is a p-space.
Proof. Let {γn = {Uα: α ∈ An}: n ∈ ω} and let {pn : An+1 → An: n ∈ ω} be an A-sieve on Z with the Property (C3). From
Theorem 3.1 it follows that X has a plumage in Z .
The pseudometric ρ , the metric space (Y ,d) and the continuous mapping g : X → Y constructed in the proof of The-
orem 4.6 work here. In the case we consider, it follows from Lemma 4.2 that the mapping g is compact. Then, as in the
proof of Theorem 4.6, we establish that the mapping g is perfect. 
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Corollary 4.11. Let X be s-embedded in some pseudocompact space (or in A(π)-space). If X has a countable network, then X is a
separable metrizable space.
Example 4.12. Let X = N ∪ S be the space of S. Mrowka [19, Exercise 3.6.I], where X is pseudocompact, N = {1,2,3, . . .} be
an open discrete subspace of X , and S be a closed discrete subspace of X . Obviously, X is a scattered, σ -closed-discrete,
locally compact, locally metrizable, locally countable Moore space with a Gδ-diagonal. In X any subset is a Gδ-set. The se-
quence {Un = X \ {1,2, . . . ,n}: n ∈ ω} is a stable sequence of open-and-closed subsets and Lim{Un: n ∈ ω} is the inﬁnite
closed discrete subspace of S . Thus, Lemma 4.1 is not true if the subspace X of Z is not dense in Z .
Some of our results can be considerably strengthened if we restrict ourselves to the class of spaces with a Gδ-diagonal.
Theorem 4.13. Suppose that X is a p∗-embedded perfect paracompact subspace of a Tychonoff countably compact space Z . Suppose
further that X has a Gδ-diagonal. Then X is metrizable.
Proof. By Corollary 4.9, X is a p-space. However, every paracompact p-space with a Gδ-diagonal is metrizable. 
The last condition in the above theorem can be considerably weakened.
Theorem 4.14. Suppose that X is a p∗-embedded perfect paracompact subspace of a Tychonoff countably compact space Z . Suppose
further that X is cleavable over a space with a Gδ-diagonal. Then X is metrizable.
Proof. By Theorem 2.7, every subspace Y of X is p∗-embedded in Z . Now it follows from Corollary 4.9, that every subspace
Y of X is a p-space. A perfect paracompact space is hereditarily paracompact. Z. Balogh [12] and E.G. Pytkeev [24] had
described the structure of the spaces each subspace of which is a paracompact p-space. In particular, by them it was
proved that a perfect space X is metrizable provided each subspace of X is a paracompact p-space ([12, Corollary 4.4]; [24,
Corollaries 6 and 9]). The proof is complete. 
Similarly, we obtain the following statement:
Theorem 4.15. A space X is separable metrizable if and only if it is hereditarily Lindelöf, cleavable over separable metrizable spaces,
and is s-embedded in some countably compact space Z .
Problem 4.16. Let X be a perfect paracompact Gδ-subspace of a pseudocompact space. Is then X Cˇech-complete? What if
we drop “perfect”?
Problem 4.17. Under what conditions a paracompact space is a Gδ-subspace of some pseudocompact space?
Problem 4.18. How can be characterized closed Gδ-subspaces of pseudocompact spaces?
Problem 4.19. Is it true that a Tychonoff space can be represented as a closed Gδ-subspace of a pseudocompact space if and
only if it can be represented as a Gδ-subspace of some pseudocompact space?
It can be seen from Example 2.9 that an image of a hereditarily p-space under a perfect mapping may fail to be a
p-space.
Problem 4.20. Is it true that an image of a perfect p-space under a perfect mapping is always a p-space?
If f : X → Y is a perfect mapping onto Y , and Z ⊆ Y , then so(Z , Y ) = so( f −1(Z), X) (see [21]).
Problem 4.21. Is it true that a perfect image of a p∗-space is a p∗-space?
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